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SUMMARY 


Bending-stress and bending-moment coefficients are 
presented for application to design of circular shell- 
supported fuselage frames of variable cross section for 
applied radial load, applied moment, and applied tan- 
gential load, A ring which is properly reinforced in 
the region of maximum bending moment is shown to have 
a structural efficiency higher than that of a similar 
ring of uniform cross section. The structural efficioicy 
is given in terms of the relative weights of the rein- 
forced and nonrelnforced rings. 


INTRODUCTION 


Solutions to the problem of the analysis of circular 
shell-supported frames are usually given in general form 
or in terms of a frame with a constant moment of inertia. 
In the analysis in reference 1, however, the bending 
moments have been computed for a circular ring in which 
the moment of inertia of one-half the ring has been 
increased for applied radial load and applied moment 
(fig, 1). The moment of inertia was increased in the 
analysis in reference 1 by the factors 2 , 5 » 10 . 

The purpose of the present paper is to extend the analysis 
of circular rings of variable cross section and to show 
how a ring may be proportioned so that a strength- weight 
ratio higher than that of a similar ring of constant 
cross section is obtained (fig, 2 ), 
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SYMBOLS 


M bending moment at any point In ring 

c distance- from neutral axis of ring cross section 

to extreme fibre of ring cross section 

Pa applied radial load 

Mg_ applied moment 

Tg^ applied tangential laad 

R radius of ring 

bending-moment coef'f icient; npndimensional term 
in the bending-moment equations: M = 

M = Cf^TaR, and M = CT^-Ma . . 

/ c,; 

C(j bending-stress coefficient ^ssumed equal to 

p bending stress .... - - ... ■ 

Pali allowable bending stress 

cross-sectional area of nonreinforced ring 

I moment" of inertia at any station of ring cross 

section 

moment of" ’Inertia of ring cross section at" a 
region with reinforcement 


V/r- 




P 

w 


moment' of inertia of ring cross section at a 
region with no reinforcement 

ratio of moments of inertia (irAo) 

weight jDf reinforced ring 

weight of nonreinforced ring ’ 

radius of gyration of ring cross section 

specific weight of ring material 
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% 


0 station of change in cross section, degrees; 

measured in clockwise direction from point 
180° from point of applied load 

cp station of bending moment and bending stress, 

radians; measured in same manner as 0 

T),g bending factors determined by manner of rein- 
forcement 

K factor of proportionality 


FORMULAS AND BENDING FACTORS 


By a least-work analysis, or any other standard 
method of frame analysis, the bending moment in a 
radially loaded shell-supported circular frame of con- 
stant cross section can be shown to be given by 


M = 


IT 


( 


■2 


sln9 + 


cos 




-i) 


the she'ar stresses in the shell are distributed 
according to the engineering theory of bending. 

The same method may be used to compute the bending 
moment in a ring in which a reinforcement of uniform 
cross section is placed symmetrically about the point 
of applied load. The equation for bending, moment 
involving a radial load. then becomes 


M 



sin 9 + ^ cos 9 - 




The bending factors p and ^ are determined by 
a given combination of r and 9 and are presented 
in table 1 . Bending factors for values of r and 9 
not given in table 1 may be determined by interpolation. 


Values of the bending factor tj for a ring of 
variable cross section loaded by a couple are given in 
table 2 . The bending-moment equations are 
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where 


and 


Ma 

2ti' 


(cp - Y) sin cp) 


0 cp ^ IT 


Vv’here 


M = 2-^7 (9 “ t; sin *» 2 tt) 


TT 


^ cp ^ 2 tt 


For a tangentially loaded ring of constant cross 
section the tending -moment equations are 


Ta« r • . - - - . 

II = ^5 sin cp - 2cp (cos cp + 1^ 


where 


and 


vchere 


0 < cp - ^ 


M = 


m -p 


Il.Tr 


5 sin cp + (i{- - 2cp) (cos cp + 1 


3 


Tr^q)^2Tr 

.4 separate set of equations for a tangentially loaded 
ring of variatle cross section was not derived. 


RELATIVE ’AEIGHT OF A REINFORCED FRAI.E 


iiND A NONREIKPORCED FRAME 


The tending -moment- -diagram for a loaded circular 
frame often shovirs the bending moment reaching a maximum 
at several points, the greatest value usually occurring 
at the point of applied load. The bending-moment diagram ' 
for a circular frame vrlth a single raciial load contains 
four maxlmtun points (fig.._3)* For a circular frame v/ith 
single radial load, the magnitude of the largest moment 
Ic more than twice that of the next largest moment and 


T 
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woTild lead to an inefficient design if it were used in 
designing a ring of constant cross section. Greater 
structural efficiency may be realized by reinforcing the 
ring in the region of applied load so that the resulting 
bending stresses are of approximately equal magnitude at 
points of maximum bending moment. > The desired redistribu- 
tion of bending stresses may be achieved by varying either 
the size of reinforcement or the length of reinforcement 
or by varying both (fig. 3)» 


The structural efficiency of a reinforced ring may 
be determined by comparing its weight with that of a 
similar ring of constant cross section capable of carrying 
the same load at the same allowable stress. The v/eight 
of the ring is assumed to be proportional to the moment 
of inertia of the ring; that is, the reinforcement is 
assumed to consist of doubler plates added to the flanges 
of the ring and to result In a negligible change in depth 
of cross section. The relative v/eight of a reinforced 
ring as compared with the weight of a nonrelnf orced ring 
may be fovind in the following manner: 


In the equation for bending stresses a = 


substitute for a 

for I and solve for A 

a 


, C,,P R for M, 
M a ' 


and rA p 
o'^ 


Thus 


all 


Me 

I 


C?^PaRo 

rAop^ 


Ao - 


_ Cm 


r p2(7_ 


all 


The weight of the reinforced ring will then be 
% = - 9 )r + ej (RAq-w) 

= 2 jT-rr - 0 )r + ej 


Let 






2P„R^wo 
K = — -S 

P^^all 
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and 



Then 

Wp^ = KC^ j?Tr - 0)r + 3 

where Cq is the bending- stress coefficient for the 

reinforced ring in question. For a nonreinfo reed ring 
(r = 1 ) the equation for weight becomes 

Wo = KCbTT 

where is the bending-stress coefficient for a 

nonreinforced ring. The structural efficiency of a 
reinforced ring can then be fo\xnd from its relative 
wei^t by 

Relative weight = 

W 

'"o 

A relative weight greater than unity indicates 
that the reinforced ring is heavier, and therefore less 
efficient, than a nonreinforced ring. A relative v/eight 
less than unity indicates that the reinforced ring is 
lighter and more efficient than a nonreinforced ring. 

A comparison of the relative weights is given in table 5 

A ring for which the bending-moment diagram con- 
tains maximum ordinates of widely varying magnitudes 
may be reinforced in a number of ways in order to reduce 
its relative v/eight with an improvement- in structural 
efficiency. This improvement can be made for a ring 
with a single applied radial load or a single applied 
moment (figs. 5 4 )* S- nonreinforced ring in 

which the maximum bending moments are of approximately 
equal magnitude, a condition of relatively high 
structural efficiency already exists and there is little 
room for improvement, as in the case of a ring_ with a 
single tangential load (fig. 5 )* If is advisable, there 
fore, to be guided bj the shape of the bending -moment 
diagram for a nonreinforced ring in designing the proper 
reinforcement for a lighter and more efficient rein- 
forced ring, particularly when a condition of combined 
loading exists. Methods of obtaining lighter rings 
may be suggested by the bending-moment diagram for the 
nonreinforced ring. Ease of fabrication, method of 
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attachment, and other practical problems can then be 
considered, A number of different designs may possibly 
lead to a highly efficient frame, but the lightest and 
most efficient frame probably vrill be one in which the 
maximum bending stresses are of equal or nearly equal 
magnitude • 


CONCLUDING RE?!ARKS 


A ring which is properly reinforced in the region 
of maximum bending moment is shown to have a structural 
efficiency higher than that of a similar ring of uniform 
cross section. The structux’al efficiency is given in 
terms of the relative v/eights of the reinforced and non- ■ 
reinforced rings. 


Langley Memorial Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Langley Field, Va,, April 15, 19i4-6 
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VALUES OF BENDINO FACTORS FOR A SINGLE RADIAL LOAD 



90 

120 

135 

150 

165 



g 

mi 


n 


B 


B 


1 

0.500 

0.250 


0.250 

0.500 

0.250 

0.500 

0.250 

0.500 

0.250 

2 

.502 

• 297 

L -536 

.525 

. 51+5 

.556 

.51+2 

I .331 

1 

.526 

.502 

5 

.513 

.327 

.56I4. 

.376 

.572 

.387 

.562 

.370 

.557 

.323 

h 

.525 

.351 

• 585 

..‘4II4 

.590 

Ai 21 

.571+ 

.393 

. 5 ii 2 

.351+ 

5 

-537 

.372 

.602 

• I+IjU 

.605 

.I4I.4I+ 

.582 

.1+09 

.51+6 

.5I4I 

7 

.559 

.14.09 

.626 

.14.86 1 

1 

.620 

[ 

.1+76 

.592 

.I428 

.550 

.31+9 

8 

• 5£9 

. 14214 . 

.655 

.502I 

1 

.626 

.1467 

.595 

. 1+314 

.552 

.352 

10 

1 

-587 

.1+52 

.650 

.527 


.503 

1 

.600 

.14143 

.553 

.356 


TABLE 2 

VALUES OF BENDING FACTOR -n FCR A MOMENT LOAD 


r 

90 

j 

120 

1 

2.000 

2.000 

2 

1.758 

'1.785 

3 

1.^7 

1.700 

1+ 

1.563 

1.655 

5 

1.515 

1.625 

10 

1.1+05 

I.57I4 
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TABES 3 
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90 


toimum 


COl-IPARISON OF EEIATIVE WEIGHTS 


Radial load. 


135 


Mcanent 


90 


120 

Maximum 

Ccx 

V-fo 

0.500 

1.000 

.250 

.667 

.167 

• .556 

.125 

.500 

.110 

.512 

.109 

.908 


? 

150 

165 

^^r/Wo 

Maximum 
■ Ccr 

Wr/Wo 

Maximum 

Ca 

Wfe/Wo 

1.000 

0.239 

1.000 

0.239 

1.000 

.733 

.139 

.678 

.lil-2 

.643 

.639 

.099 

.552 

.152 

.740 

.5G9 

.083 

.520 

.157 

.820 

.553 

.090 

.62k 

.1(50 

.893 

.551 

.098 

.819 

.16k 

1.029 

.585 

.101 

.913 

.165 

1.094 

.652 

.105 

L.096 

.167 

1.222 


TemgentieJ. load 


90 


WrA^o 


1.000 

0.832 
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Pigs . 1,2 
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Figure 1.- Circular frame reinforced over half 
the circumference. 



Figure 2.- Circular frame with reinforcement 
of variable length. 
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Fig. 3 cone 
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Pig. 5 
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Bending moment coefficients 


Bending stress coefficients — 
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Figures.- Bending- moment and bend/ng -stress coefficients ibr an applied 
tangential load. RjaitiVe moment indicates tension on inner hbree 



